There are few opportunities in introductory physics for a genuine discussion of the philosophy of science, especially in cases where the physical principles are straightforward and the mathematics is simple. Terrestrial classical mechanics satisfies these requirements, but students new to physics usually carry too many incorrect or misleading preconceptions about the subject for it to be analyzed epistemologically. The problem of dark matter, and especially the physics of spiral galaxy velocity rotation curves, is a straightforward application of Newton's laws of motion and gravitation, and is just enough removed from everyday experience to be analyzed from a fresh perspective. It is proposed to teach students about important issues in the philosophy of physics, including Bacon's induction, Popper's falsifiability, and the Duhem-Quine thesis, all in light of the dark matter problem. These issues can be discussed in an advanced classical mechanics course, or, with limited simplification, at the end of a first course in introductory mechanics. The goal is for students to understand at a deeper level how the physics community has arrived at the current state of knowledge.
Epistemology without contact with science becomes an empty scheme. Science without epistemology is-in so far as it is thinkable at all-primitive and muddled. -Albert Einstein 1 
I. INTRODUCTION
One feature of physics education today (and science education in general) is the lack of serious discussion of epistemological issues, especially in the intermediate courses that cover the "modern" physics topics of relativity and quantum mechanics. Some would argue that such discussion is irrelevant to doing physics, but I contend (along with Einstein) that, regardless of whether or not it affects concrete results, a knowledge of issues such as the "problem of induction" and the "problem of demarcation" enrich our enjoyment and understanding of the physical universe.
2 These issues are especially important today, when topics such as string theory, supersymmetry, and the multiverse landscape dominate the popular physics literature, 3 and in which students show an intense interest. While complex issues should probably wait until students have a working knowledge of a wide variety of physical concepts, I suggest that a conversation should be started in the introductory physics sequence, and that a student's first taste of the philosophy of physics is more palatable if the discussion centers around classical mechanics. The problem of dark matter offers a practical demonstration that is ideal for this task.
In this article, I outline a presentation that is well-suited to a junior-level classical mechanics course where the students have the requisite mathematical background, but it can be easily simplified to fit at the end of a first physics course after the standard coverage of Newton's laws of motion and gravitation and Kepler's laws of planetary motion. After a brief survey of some of the philosophical issues in Sec. II, and a short account of the classical evidence for dark matter at the beginning of Sec. III, a case study is presented of the dark matter problem focusing on the analysis of galactic rotation curves. Among other suggestions, a simple version of MOND (MOdified Newtonian Dynamics) is outlined, and the study finishes with an attempt to reconcile the observations and theoretical predictions in the light of the ideas of verification and falsification discussed in Sec. II.
II. THE DUHEM-QUINE THESIS 4
Is there a scientific method? If there is, how do we distinguish it (or demarcate it) from other enterprises that are not scientific? The traditional answer, given by Francis Bacon in the 17th century, is that science is inductive. That is, scientists determine general "laws of nature" from many observations of specific instances or events (i.e., experiments), and as more observations are made, those laws are refined or perhaps changed drastically. 5 Other statements, while they may be general, are not considered scientific if they are not based on observations, but are based on authority or emotion, for example.
Since that time, many philosophers (most notably David Hume in the 18th century) have recognized that this answer was logically inconsistent. While deductive reasoning can prove the truth of a conclusion given that the premises are true, this same rational justification does not apply to inductive reasoning. For example, the conclusion "John is tall" follows directly if the premises "all men are tall" and "John is a man" are true, but no number of observations of tall men, no matter how large, can ever prove that "all men are tall." And worse, contrary to our common sense, increasing the number confirming observations does not logically entail any increase in the probability of the truth of the conclusion. Yet this is the essence of the Baconian method. This "problem of induction" has puzzled philosophers ever since.
In the 20th century, Karl Popper pointed out the asymmetry in the way observations verify or falsify hypotheses. 
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Popper agreed with Duhem that isolated hypotheses are never tested, and his suggestion was that physicists "should guess . . . which part of such a system is responsible for the refutation, perhaps helped by independent tests of some portions of the system." 12 As Popper put it, "It is often only the scientific instinct of the investigator (influenced, of course, by the results of testing and retesting), that makes him guess which statements . . . he should regard as innocuous, and which he should regard as being in need of modification."
13
Two famous examples of this in action were the discovery of the planet Neptune in 1846 and the anomalous perihelion advance of Mercury. After the serendipitous discovery of Uranus in 1781, the failure to correctly predict the position of Uranus did not immediately cause astronomers to throw out the theory of Newtonian gravitation, even though Newton's law of gravity was the prime hypothesis that allowed the perturbations due to other six planets to be calculated. One reason was that Newtonian gravity had proved extremely successful in a wide variety of regimes, from terrestrial to heavenly. But neither was the assumption that there must be an eighth planet immediately championed. By the 1840s the problem had not been solved, and the two leading possible solutions were "one, that the law of gravitation acts in some unexpected manner at the enormous distance of Uranus, or two, . . . that a planet lies beyond Uranus." 14 Interestingly, there had been a third option put forward by Friedrich Wilhelm Bessel in the 1820s. 15 His proposal entailed "specific attraction," in which the gravitational mass of an object depended on its chemical composition, and was not necessarily equal to its inertial mass. However, in experiments with pendula of different composition, he found no evidence for this effect, and the idea was dropped. Later, when a similar problem arose with the orbit of Mercury -its perihelion advanced by 43 arc seconds per century more than could be explained by planetary perturbations -the opposite conclusion was found to be correct. 16 That is, the hypothesis that was modified was not the number of planets (the planet Vulcan was never found) but Newton's law of gravitation (Einstein's general theory of relativity explained the anomaly).
These examples show that not only is it difficult to decide on which hypothesis to modify, A concrete example that illustrates these ideas with a level of mathematics that is accessible to undergraduates is the dark matter problem. Section III introduces the problem and lays out a method of solution consistent with Duhem and Popper. That is, the hypotheses are clearly stated, a prediction is made, and several guesses are suggested as to which auxiliary hypotheses are in need of modification, as well as how to modify them.
III. THE DARK MATTER PROBLEM
One of the first indications of the "missing mass problem," as it was known then, was the observation in 1933 of the Coma cluster cluster of galaxies by Fritz Zwicky. 18 The Coma cluster is about 100 Mpc from Earth in the direction of the constellation Coma Berenices, and it consists of more than 1000 member galaxies within a radius of about 1 Mpc. One parsec (pc) is about 3 × 10 16 m. Zwicky's measurement of the velocity dispersion of the member galaxies resulted in an estimate for the total mass of the cluster. Of course, he made the assumption that the cluster was "mechanically stationary," that is, it was not in the process of flying apart. Then he compared this result with another mass determination method, that of inferring the mass of each individual member galaxy from its brightness and adding them to obtain the total cluster mass. This relied on a knowledge of the so-called mass-to-light ratio of galaxies, which had been obtained from the velocity rotation curves of nearby galaxies, including the Milky Way. Zwicky found that the cluster as a whole contained several hundred times more mass than expected from the sum of the individual galaxy masses. Today, this ratio has been reduced to about 30 "using the best cluster and galaxy models," 19 which implies that most of the mass in the cluster is not visible. Zwicky called this "dark matter," but at that time he meant "cool and cold stars, macroscopic and microscopic solid bodies, and gases," 20 not the exotic particles that are being searched for today.
The next step came in the early 1970s when the velocity rotation curves of spiral galaxies were able to be measured out to large distances due to improved observational techniques.
Using dynamical techniques similar to Zwicky's, and outlined below in Secs. III B and III C, Vera Rubin and coworkers 21-23 measured the rotational velocity of objects far from a galaxy's center, which in principle allowed a determination of its mass. The result was, again, that there was far more mass acting gravitationally than was visible in the form of stars and nebulae, and that this invisible mass extended far beyond the visible limits of the galaxy.
These "galactic rotation curves" were the primary evidence for dark matter for several decades.
Now there are several other, more sophisticated methods. For example, one technique is to observe the general relativistic effect of gravitational lensing as distant light "bends" around a foreground galaxy. Einstein, of course, had predicted the existence of so-called "Einstein rings" in 1912, 24 and many have now been found. Another, more recent technique is an interpretation of the high-ℓ shape of the cosmic microwave background spectrum in light of the existence of cosmological dark matter. 25 However, while any solution must match all of these observations, for pedagogical purposes, and the cleanest argument concerning the scientific method, the focus here will be on the velocity rotation curves of spiral galaxies.
In addition, even though general relativity is our current best theory of gravity and any solution to the cosmological dark matter problem must be consistent with it, the analysis will be restricted to Newtonian gravity to make the discussion mathematically accessible to undergraduates. 
where Newton's law of gravitation has been substituted on the left-hand-side, and the centripetal acceleration formula has been substituted on the right. This results in a version of Kepler's third law of planetary motion that relates the velocity v of the orbiting object to the radius r of its circular orbit
This can be used, for example, to predict the orbital velocities of the planets, and a comparison of that prediction with observed velocities is shown in Fig. 1 .
It is slightly problematic to consider this an actual prediction, however, because Newton developed his law of gravitation specifically to agree with Kepler's third law. In fact, after Christiaan Huygens had solved the centripetal acceleration problem in 1658, Edmund
Halley, Christopher Wren and Robert Hooke were all able to use this information, along with Kepler's third law, to infer that the attractive force between the Sun and each of the planets was an inverse square force. 26 Only Newton, however, was able to solve the "inverse problem," and show that an inverse square central force resulted in elliptical planetary orbits.
B. The Prediction
Today, more three hundred years later, Newton's coherent "theory of gravitation" (which includes not only the inverse-square force law but Newton's three laws of motion) has undergone numerous tests, from predicting the motion of baseballs to the motion of Apollo astronauts. However, as discussed above, it is at best a provisional theory. Is it applicable to the motion of entire galaxies? At first glance, the answer appears to be "no," since Newton's law of gravitation has not been directly confirmed at large distances and Newton's laws of motion have not been directly confirmed at small accelerations. For example, the distances and accelerations in question are approximately those of the sun as it orbits the center of the Milky Way at a radial distance of about 8.3 kpc, and experiences a centripetal acceleration of about 2 × 10 −10 m/s 2 . However, this act of applying theories beyond the regime for which they were developed, and testing the resulting predictions, has been a primary method of searching for universal laws.
For spherically symmetric galaxies, Newton's shell theorems can be used to obtain the analog to Eq. (2)
where M(r) is the mass interior to the orbital location r. For disk-type galaxies with cylindrical symmetry, however, such as spirals, there are no such theorems. But Poisson's equation, ∇ 2 Φ = 4πGρ, allows us to obtain self-consistent functions for the gravitational potential Φ and mass density ρ, from which the orbital velocity can be obtained. Even though it may not match any particular spiral galaxy, one simple example that has all the expected properties is the so-called Kuzmin-Toomre model. 27 Here, the potential
results in an infinitesimally thin disk of surface density
where the z-axis is the axis of symmetry of the disk, r = x 2 + y 2 is the cylindrical coordinate in the plane of the disk, and M and a are the total mass and the scale size of the (5) and (6) .
The dotted line is the Kepler prediction assuming the entire mass of the galaxy is concentrated at the center, and the dashed line is a plot of Eq. (3), where the integration of Eq. (5) gives
galaxy, respectively. The orbital velocity v(r) of an object in circular motion in the z = 0 plane can be easily calculated
which does not agree with Eq. (3) but does asymptotically approach v ≈ GM/r when r ≫ a. This velocity, as well as the surface density in Eq. (5), is shown in Fig. 2 . Also shown are the Kepler solution for a point mass M at the center, Eq. (2), and the approximation of Eq. (3) using M(r) calculated from Eq. (5). This approximation can be calculated for any galaxy that has a known density distribution, and while it does not agree quantitatively with the actual orbital velocity because the shell theorem does not hold, it does have similar properties.
Therefore, the general features of the prediction for the rotation curve for spiral galaxies with finite mass are the following: low velocities near the center of the galaxy, rising to a maximum at the "turnover radius," which is the radial location where approximately half the galaxy mass is interior, then decreasing and asymptotically approaching the Kepler solution far from the center.
In 1970, Rubin and Ford 21 found that the integrated mass of the Andromeda galaxy, M(r), as inferred from the velocity rotation curve, continued to increase out to the last measured object at r = 24 kpc, and that "extrapolation beyond that distance is clearly a matter of taste." 28 This meant that the total mass of the Andromeda galaxy was not measurable using their dynamical technique. Then, Rubin et al. 23 measured the rotation curves for 21 spiral galaxies, two of which are shown in Fig. 3 , and found that "None of the rotation curves have the classical shape, adopted so frequently in the past, of a long nearly
Keplerian drop in velocity after the initial rapid rise." In fact, Fig. 3 shows that the rotation curves are flat out to large distances, implying that the galaxies possess large amounts of mass that are not collocated with the regions that produce light, hence the moniker "dark matter." In fact, since the rotation curves do not turn over, "there is no spiral galaxy with a well determined mass."
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Taking a cue from the successful prediction of the existence of Neptune, and assuming that all of our physical hypotheses are correct, a reasonable guess is that the extra mass is due to normal matter, but in a form that does not emit light. Initial ideas included Zwicky's list above, or more specifically low-mass objects that do not sustain fusion, called brown dwarfs, or a population of black holes and neutron stars. 30 Before we look at the obvious, however, it is worthwhile to consider the non-obvious.
D. The Falsification?
What is to be made of this result? There is a prediction, Eq. (6), and an observation, Newton's second law of motion, Newton's law of gravitation, and Huygens' centripetal acceleration formula. Because these three have been some of the primary workhorses for classical mechanics in the 300 years since their development, physicists are loathe to declare them incorrect. Nevertheless, before they are deemed unassailable, it is worthwhile to investigate modifications that would solve this problem.
First, almost no one advocates abandoning centripetal acceleration, primarily because it follows from the definition of acceleration and Euclidean geometry, and any modification would have far-reaching consequences in almost all areas of physics. This, of course, is the tricky part of refining a previous hypothesis: all the phenomena that have been correctly predicted in the past must remain so.
Second, modifying the other two laws have both been tried. For example, since the discrepancy arises at large distances, if another term were added to Newton's gravitation force
then when r ≫ G/A, the predicted rotation curve would be independent of r, i.e., flat, and gravitational physics at smaller scales would be preserved. Unfortunately, Aguirre 31 points out that this does not work for at least two reasons. If the parameter A is independent of the mass of the galaxy, M, then the prediction for the orbital velocity at the galaxy's edge becomes v ∞ ≈ A, and does not agree with another observation, namely the so-called Tully-Fisher relation. 32 If, on the other hand, A is allowed to depend on M in order to satisfy the Tully-Fisher relation, then A ∼ M −1/2 , and Newton's law of gravitation is nonlinear. This is a property that physicists typically only allow after other modifications have been tried.
Third, since the discrepancy also arises at small accelerations, Newton's second law can be modified in such a way as to leave unchanged the high-acceleration regime in which it works so well. 33 For example, if F = ma is replaced with
then when a ≪ a 0 , if the force is normal gravity, GMm/r 2 , then the orbital velocity is
The function in square brackets in Eq. (8) is just an example, and any function of a that is unity for large a and proportional to a for small a will work. Comparison with spiral galaxy rotation curves 34 shows that the acceleration at which Newton's second law must be modified is a 0 ≈ 2 × 10 −10 m/s 2 , just the range that was anticipated when looking at a typical star like the sun, far from the galaxy's center. Note that the limiting velocity agrees with the Tully-Fisher relation, as required above.
This last line of reasoning is MOND, developed by Mordehai Milgrom in the 1980s.
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Currently it is a viable alternative to dark matter, although it is not universally accepted because it, too, has problems. While it predicts galaxy rotation curves well, it does not agree with cluster observations. Also, any accepted change that fits all the standard dark matter observations listed above (clusters, rotation curves, lensing, and CMB effects) must agree with general relativity. Developing a general relativistic version of MOND is a current area of research.
36

IV. CONCLUSION
The dark matter problem is still a problem. The leading paradigm is that Newton's laws and general relativity are correct, and a new type of particle that only interacts gravitationally (and not electromagnetically, because then it would emit photons) makes up this extra mass. The same type of elimination process that I have just gone through has been used to eliminate several types of particles, for example, neutrinos, and we are currently left with a knowledge of what dark matter is not. In addition to a deeper understanding of the scientific method, the exercise above is useful to remind students not to be afraid to challenge accepted dogma, and to realize that what they are learning is only our current best hypothesis of how the universe works. On the other hand, it is equally important to remember that extraordinary claims require extraordinary evidence, and that all tests of a nonstandard theory must be made before its acceptance. Regarding dark matter, the physics community appears to be nearing the stage expressed by Sherlock Holmes: "How often have I said to you that when you have eliminated the impossible, whatever remains, however improbable, must be the truth?" 37 But Duhem reminds us that we will never be sure that we have eliminated everything.
